ABSTRACT. We study noncompact Calabi-Yau threefolds, their moduli spaces of vector bundles and deformation theory. We present Calabi-Yau threefolds that have infinitely many distinct deformations, constructing them explicitily, and describe the effect that such deformations produce on moduli spaces of vector bundles.
INTRODUCTION
Our motivation to study deformations of noncompact complex varieties comes from mathematical physics. Among noncompact manifolds, Calabi-Yau threefolds seem to be most popular in applications. For example, deformations of CY threefolds enter as terms in the integrals defining the action of the theories of Kodaira-Spencer gravity [Be] . Furthermore, the counting of BPS states can be computed efficiently on toric CY threefolds, as we have considered in [GKMR] and [GSTV] . (Note that a toric CY threefolds are necessarily noncompact.) Perhaps the most striking occurrences of CY threefolds are in the original formulation of the Mirror Symmetry Conjecture, where a CY threefold X is conjectured to have a mirror CY partner whose Hodge diamond is obtained from the one of X by reflection on the 45 o line. Here we consider smooth Calabi-Yau threefolds W k containing a line ℓ ∼ = P 1 . For the applications we have in mind for future work it will be useful to observe the effect of contracting the line to a singularity. The existence of a contraction of ℓ imposes heavy restrictions on the normal bundle [Jim] , namely N ℓ/W must be isomorphic to one of (a) O P 1 (−1) ⊕ O P 1 (−1) , (b) O P 1 (−2) ⊕ O P 1 (0) , or (c) O P 1 (−3) ⊕ O P 1 (+1) .
W 1 is the space appearing in the basic flop. It is famous in algebraic geometry for being the simplest example of a rational map that is not a blow-up.
We will focus on the Calabi-Yau threefolds
We will also consider surfaces of the form
Our main contributions are descriptions of the deformation theory of such varieties, constructing infinitely many non-isomorphic deformations of W k whenever k > 1 (see Cor. 1.29) , and presenting the effects that deformations of these threefolds have on their moduli spaces of holomorphic vector bundles (see Thm. 2.19 ). We present some nontrivial holomorphic maps between the deformation spaces (see Thm. 1.24). We also discuss deformations from the point of view of affine bundles on P 1 , obtaining infinitely many of them for a fixed threefold (see Thm. 1.21).
We make use of a new definition of commutative deformation, first presented in [GKRS] , which is well suited to fit the needs of the noncompact case. Our technique to find deformations goes as follows. Even though there is no well established deformation theory for noncompact manifolds, we obtain deformations by working in analogy with Kodaira's theory for the compact case, see [Ko] . Namely, we calculate cohomology with coefficients in the tangent bundle, and then we proceed to identify which of such directions of infinitesimal deformations are integrable.
Naturally, when studying total spaces of rank 2 bundles on the complex line, one first ought to review the correspongin 2 dimensional case, namely, that of total spaces of rank 1 bundles. Hence, before attacking the case of threefolds, we first recall the results proved for surfaces. In the case of the complex surfaces Z k , with k > 0, the main results about their commutative deformations are: S1. [GKRS] proved that deformations of the surfaces Z k can be obtained from the deformations of the (compact) Hirzebruch surfaces F k , and S2. [BG1] proved that every nontrivial deformation of Z k is affine. The latter in turn has as immediate corollary: S3. [BG1, Thm. 6.14] showed that moduli spaces of vector bundles fall to dimension 0 whenever Z k is deformed classically.
In this work we shall prove that the 3 dimensional analogues of results S1, S2, S3 are all false. Indeed, we prove that for k > 1: T1. Deformation of the CY threefolds W k are not obtained from deformations of their compactifications; this follows directly from Cor. 1.25. T2. W k has nontrivial deformations which are not affine, see Cor. 1.14. T3. Deformations of W k can hold positive dimensional moduli spaces of vector bundles, with some nontrivial deformations preserving all of the dimensions of moduli and others preserving fewer (or none) of the positive dimensions of the original moduli, see Thm. 2.19.
In this work we consider only classical, i.e. commutative, deformations leaving noncommutative deformations for future work. In the case of surfaces [BG2] showed that the effect of noncommutative deformations of the surfaces Z k on moduli of vector bundles is quite the opposite of the statement of property S3, in that, noncommutative deformations can have the effect of enlarging the moduli spaces of vector bundles. We expect that a similar phenomenon might occur for threefolds, but details remain to be explored later. The study of noncommutative deformations require very different techniques from those considered here. This paper is makes part of the PhD. Thesis of B. Suzuki at Universidad Católica del Norte, Chile.
DEFORMATIONS OF NONCOMPACT MANIFOLDS
Classical deformation theory is well understood in the compact case, as explained in the beautiful textbook of Kodaira [Ko] . However, a general theory for the noncompact case is lacking. In joint work with Köppe and Rubilar [GKRS] we studied some features of deformation theory for noncompact Calabi-Yau threefolds, and we gave a new definition of deformation of complex structure, which proved useful. We now recall the basic definitions:
where D is a complex disc centered at 0 (possibly a vector space, possibly infinite dimensional), satisfying:
•X is locally trivial in the C ∞ (but not necessarily in the holomorphic) category. It is too early to say for sure how this new concept will converge to a permanent one; it ought to accommodate several refinements and improvements, for instance allowing for more general base spaces, and allowing for singularities such as orbifold singularities as in [LZ] or toric degenerations such as in [GS] . Developing a solid theoretical background is a fundamental goal of our work in this theme, but clearly a large collection of examples needs to be studied first. Here we apply Definition 1.5 to CY threefolds that are the total space of vector bundles on the projective line, and construct deformations corresponding to elements of first cohomology with coefficients in the tangent bundle. We will see that this method produces large families of deformations.
1.1. The Calabi-Yau threefolds W k . Let us now describe those Calabi-Yau threefolds which are the total spaces of vector bundles on the projective line viewed as manifolds.
The complex manifold structure can be described by gluing the open sets U = C 
whenever z and ξ are not equal to 0. We call (1) Interestingly, k = 1 is the only such case, and for all other values of k the first cohomology groups with tangent coefficients are infinite dimensional.
1.2. Infinitely many deformations of W 2 . In this section we prove Thm. 1.13 showing that the deformation space of W 2 contains infinitely many distinct isomorphism types of complex threefolds.
We observe that W 2 = Z 2 × C is the product of a Calabi-Yau surface by affine space, but the surface Z 2 has one single nontrivial deformation, which is affine (see [BG1] ). Therefore any deformations of the CY threefold W 2 that is not affine does not come from deforming the CY surface Z 2 .
Example 1.7. Computing cohomology with tangent coefficients produces a large and nontrivial family of deformations of W 2 . [GKRS] computed an infinite-dimensional family of deformations W 2 of W 2 whose elements can be described by gluing U = C 
Deformations are obtained by varying the parameters t s . [GKRS] proved that this family is nontrivial by showing that it contains both affine and non-affine deformations.
We now focus on a class of such deformations of W 2 indexed by an integer y. Notation 1.8. Fix an integer y ≥ 0. We denote by W 2 (y) the deformation of W 2 obtained by gluing the charts
with the relation
We show that this family contains infinitely many distinct manifolds, that is, we prove that there are infinitely many complex isomorphism types in 2. Hence, we wish to show that for y 1 = y 2 the threefolds W 2 (y 1 ) and W 2 (y 2 ) are not isomorphic. Accordingly, we compute H 1 (W 2 (y), T W 2 (y)). A 1-cocycle with coefficients in T W 2 (y) may be expressed in U coordinates by
We will omit the indices li s from the coefficients α 1 , α 2 , α 3 to simplify notation. Since monomials having nonnegative powers of z are holomorphic on the U -chart, we have
where ∼ denotes cohomological equivalence. Changing coordinates:
As the monomials that are holomorphic on V are cohomologous to 0, we obtain that
which proves the lemma.
Some of the 1-cocycles σ s may still be null-cohomologous. The result depends on the specific deformation W 2 (y) we consider. Proof. We divide the proof into three cases.
show is null-cohomologous. In fact, changing coordinates we obtain 
•
We now show that these bounds are sharp. Suppose σ s is a coboundary. Then there exist functions α holomorphic on U and β holomorphic on V such that
Thus, omitting indices li s from the coefficients of α and β we have an expression of the form:
But on the right-hand side of the equation the monomials of the form z −1 u 0 1 u s 2 appear only for s ≥ y − 1. So it is impossible to solve for α and β. Hence, we have showed that each σ s is nonzero in cohomology. It remains to show that they linearly independent. Assume otherwise, that there is a linear dependence among the cohomology classes of the σ s . Such a relation would then be given by a polynomial on these classes whose class is a coboundary. Let p be any polynomial on u 2 that has degree at most y − 2 and let σ p = [0 z −1 p(u 2 ) 0] T . We wish to show that σ p is not a coboundary. Suppose there exist functions α holomorphic on U and β holomorphic on V such that
Analogously to the first part of the proof, in coordinates we would have
But on the right-hand side of the equation the monomials of the form z −1 u 0 1 u s 2 appear only for s ≥ y − 1. So it is impossible to solve for α and β. It follows that the sections σ 0 , . . . , σ y −2 are pairwise non cohomologous.
We have thus proved the following result: Theorem 1.13. Let y 1 , y 2 ≥ 2. Then W 2 (y 1 ) is isomorphic to W 2 (y 2 ) if and only if y 1 = y 2 .
Hence the family (2) contains infinitely many distinct isomorphism classes of complex manifolds.
Observe that Theorem 1.12 also implies: Corollary 1.14. For y ≥ 2 the threefolds W 2 (y) are not affine.
Deformations of W 3 as affine bundles.
We use H 1 (W 3 , T W 3 ) to parametrise formal infinitesimal deformations of W 3 . In this section we will regard these deformations as affine line bundles on the surface Z −1 , as defined in 1.20. Even though in a certain sense the results of this section on affine bundles are somewhat weaker then those of section 1.5 which study their total spaces, the former do not follow from the latter, and they are of independent interest, so we have decided to present both points of view. The reader interested only on deformations of manifolds may skip this subsection. Recall from definition 1 that W 3 can be covered by U = {(z, u 1 , u 2 )} and V = {(ξ, v 1 , v 2 )}, with U ∩ V = C − {0} × C 2 and transition function given by:
An infinite dimensional family parametrising deformations of W 3 is given by: 
But, it is a priori still possible that the family produces only finitely many isomorphism types. We first show that the family given in lemma 1.15 does indeed produce infinitely many integrable directions. Proof. A general 1-coboundary τ is given by
So we see that on the second entries of the matrices the monomials z −1 u s 2 and z −2 u s 2 do not appear.
Proposition 1.19. The following infinite-dimensional family of deformations of W 3 is obtained by integrating cocycles in W :
Proof. This family is obtained from the cocycles of the form
We now present a result about the deformations of W 3 given in Proposition 1.19 regarded as affine rank 1 bundles over a surface. Recall that for each integer k the surface Z k can be described in charts by gluing two copies of C 2 with coordinates (z, u) and (ξ, v) and with change of coordinates on
In particular the surface Z (−1) can be described by gluing (ξ, v) = (z −1 , z −1 u). We now consider deformations W 3 ( j ) which may also be regarded as the total space of an affine line bundle over the surface Z (−1) . Notation 1.20. Fix j a positive integer. Then by W 3 ( j ) we mean the deformation of W 3 given by the transition function
The threefold W 3 ( j ) can also be regarded as the total space of the rank 1 affine bundle
where π is the projection on the first and third coordinates and the transition function for E ( j ) is given in canonical coordinates by
To identify the structure of affine bundle, we just write (z, u 2 ) and (ξ, v 2 ) as the coordinates of Z (−1) . Theorem 1.21. If j 1 = j 2 then E ( j 1 ) and E ( j 2 ) are not isomorphic as affine bundles.
Proof. We may assume, without loss of generality, that j 1 < j 2 . Suppose the bundles were isomorphic, and let T : E ( j 1 ) → E ( j 2 ) be an affine bundle isomorphism. Then T is an affine transformation on each fiber, i.e., there exist holomorphic functions
Let φ U and ϕ U denote the transition functions from (z, u 1 , u 2 ) coordinates to (ξ, v 1 , v 2 ) coordinates of E ( j 1 ) and E ( j 2 ), respectively. The relations 4 and 5 should agree on the
DIAGRAM 1. Diagram illustrating the commutativity of the transition functions of E ( j 1 ) and E ( j 2 ) with the restrictions of T to the intersec-
intersection of U and V , i.e., Diagram 1 must commute. Then
2 , u 2 ). By comparing the second coordinates on both sides of the equations we have:
2 . By comparing the linear and affine parts we get:
The only solution is b
, which is not possible because A U and A V vanish on u 2 = 0 and v 2 = 0 respectively. We conclude that the bundles E ( j 1 ) and E ( j 2 ) are not isomorphic.
1.4. Holomorphic maps between the W k 's. We describe holomorphic maps between W 2 and W 3 and between their deformation families. Existence of such holomorphic maps is not at all a priori guaranteed.
In a diagram:
is holomorphic.
Proof. We prove that
Extending the map to deformations and repeating a proof similar to the one of Lemma 1.23 we obtain a holomorphic map between deformation spaces:
1.5. Infinitely many deformations of W k . In further generality we might consider
Using the same methods from the previous sections we deduce the following results:
• If 0 ≥ k 1 ≥ k 2 then the threefold is formally rigid, i.e., H 1 (W k 1 ,k 2 , T W k 1 ,k 2 ) = 0.
• If k 1 ≥ k 2 > 0 then the threefold has a finite dimensional deformation space.
• If k 1 > k 2 = 0, then the threefold has an infinite dimensional deformation space.
• If k 1 > 0 > k 2 , then the threefold has an infinite dimensional deformation space. Using Theorem 1.13 we will now also construct infinitely many deformations for all cases k > 2, thus proving: Theorem 1.25. There are infinitely many distinct deformations of W k for k > 1.
The idea of the proof comes from observing deformations of vector bundles of P 1 as illustrated in the following example.
By using the cocycles from Proposition 1.27 we otain a (k −1)-parameter deformationcoarse moduli. We will however continue to work with the analytic topology, not the Zariski one.
2.2. The threefolds W k and their moduli of vector bundles. We wish to describe rank 2 vector bundles over W k in the simplest possible way, as extensions of line bundles. Hence, the first step is to study filtrability, which is a property that holds true for bundles over W 1 and W 2 but not for the cases when k ≥ 3. We summarize the results of [K] We focus our attention on rank 2 vector bundles with vanishing first Chern class on W K . If E is such a bundle, then by Grothendieck's splitting principle E | P 1 = O P 1 ( j ) ⊕ O P 1 (− j ) for some integer j , which we call the splitting type of E . We can then naively define a "space" of isomorphism classes of rank 2 vector bundles over W k of splitting type j as a set by considering the quotient
where ∼ denotes bundle isomorphism. Such a quotient is rather badly behaved, as expected. Nevertheless, there is a simple way to extract a moduli space out of it that is a quasi-projective variety. This can be done by restricting ourselves to the subset M j (W k ) of bundles with splitting type j that are defined over the first formal neighborhood of the P 1 inside W k (extended trivially to higher neighborhoods). In other words, in M j (W k ) only extension classes that vanish to order exactly one on P 1 (and contain no higher order terms on u 1 u 2 ) are considered. We formalize this notation: Notation 2.4. We denote by M j (W k ) the subset of M j (W k ) consisting of those bundles with splitting type j defined by extension classes of order exactly 1 over P 1 .
Köppe described the generic part of such moduli spaces:
Theorem 2.5. [K, Prop. 3.20] 
